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Processing maps for hot deformation

of αα2 aluminide alloy Ti-24Al-11Nb
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Using the test data of α2 titanium aluminide alloy Ti-24Al-11Nb with microstructural
observations, studies are made to examine the flow localization concepts as well as the
simplified metallurgical stability criterion for delineating the regions of flow instabilities in
the processing maps. The optimum hot working conditions for the material are suggested.
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1. Introduction
Deformation processing of titanium alloys is of consid-
erable interest in view of their low density and high tem-
perature capabilities. Ordered intermetallic titanium
aluminide alloys based upon the Ti3Al (α2) and TiAl (γ )
phases are of great interest because of their substantially
higher use temperatures as compared to conventional
α, α/β and β titanium alloys [1]. As with other titanium
alloys, the mechanical properties of these materials are
very sensitive to microstructure [2, 3], which led to ex-
tensive study of the hot deformation of this material.
Semiatin et al. [4] and Sagar et al. [5] have examined
the hot deformation characteristics of Ti-24Al-11Nb al-
loy in a wide range of temperatures and strain rates.

One of the requirement for forge process modeling
is a knowledge of the alloy flow behavior for defining
deformation maps that delineate “safe” and “nonsafe”
hot working conditions. These maps show in the pro-
cessing space (that is on axes of temperature and strain
rate) the processing conditions for stable and unstable
deformation.

Flow localization may occur during hot working in
the absence of frictional or chilling effects. In this case,
localization results from flow softening (negative strain
hardening). Flow softening arises during hot working
as a result of structural instabilities such as adiabatic
heating, generation of a softer texture during deforma-
tion, grain coarsening or spheroidisation. Flow soften-
ing has been correlated with material properties by the
parameter, for plane strain compression [6–8]:

α = −γ

m
(1)

where the normalized flow softening rate,

γ = 1

σ

dσ

dε
= ∂ ln σ

∂ε
(2)

and the strain rate sensitivity parameter,

m = d log σ

d log ε̇
. (3)

Here, σ , ε, ε̇ and T are the flow stress, strain, strain rate
and temperature respectively. Flow localization will oc-
cur if the parameter,

α > 5 (4)

which has been fixed on the basis of microstructural
observations in titanium and its alloys.

The mechanical behaviour of materials under pro-
cessing is generally characterized by one of the follow-
ing constitutive equations:

σ = fσ (ε, ε̇, T ) (5a)

or

ε̇ = fε̇(ε, σ, T ). (5b)

The stability criterion developed by Murty and Rao [9]
is based on the irreversible thermodynamics of large
plastic flow proposed by Ziegler [10]. According to
the principles of maximum rate of entropy production,
a system undergoing large plastic deformation will be
unstable if the rate of change in the dissipation function
(D(ε̇)) with strain rate (ε̇) satisfies the inequality:

dD

dε̇
<

D(ε̇)

ε̇
. (6)

It is well known that during deformation, power dis-
sipation occurs through a temperature rise (termed the
G content) and microstructural change (termed J co-
content) of the work piece material. In general, most of
the dissipation is due to a temperature rise, and only
a small amount of energy is dissipated through mi-
crostructural changes. The power P (per unit volume)
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Figure 1 Schematic representation of stress – strain rate curve showing
the areas corresponding to G and J .

absorbed by the work piece material during plastic flow
is given by

P = G + J (7)

or

σ ε̇ =
∫ ε̇

0
fσ (ε, ξ, T ) dξ +

∫ σ

0
fε̇(ε, ξ, T ) dξ. (8)

Fig. 1 shows the stress – strain rate curve of the material
showing the areas corresponding to G and J .

According to the dynamic material model [11], D
(ε̇) is equivalent to J co-content, and the inequality in
Equation 6 can be written as

dJ

dε̇
<

J

ε̇
. (9)

From Equations 7 and 8,

∂ J

∂ε̇
= ε̇

dσ

dε̇
= mσ. (10)

Using Equation 10 in Equation 9, we get

mσ <
J

ε̇
. (11)

The efficiency of power dissipation, η is given by

η = J

Jmax
(12)

where

Jmax = 1

2
σ ε̇ (13)

is used to normalize J .
From Equations 11–13, the instability condition be-

comes

η > 2m. (14)

For delineating the regions of flow instability in the pro-
cessing maps, a simplified condition for stable material
flow is

0 < η < 2m. (15)

For the evaluation of η, it is convenient to write J from
Equation 7 in terms of G:

J = P − G = σ ε̇ −
∫ ε̇

0
fσ (ε, ξ, T ) dξ

= σ ε̇ −
∫ ε̇

0
σ (ε, ξ, T ) dξ.

Using this expression in Equation 12, the efficiency of
power dissipation (η) can be written in the form:

η = 2

[
1 − 1

σ ε̇

∫ ε̇

0
σ (ε, ξ, T ) dξ

]
. (16)

The second term on the right hand side of Equation 16
indicates the ratio of the average of flow stress distri-
bution up to the strain rate, ε̇ and the flow stress at that
strain rate. η is a dimensionless parameter and is treated
as a workability parameter.

2. Generation of workability maps
The test data of Ti-24Al-11Nb presented in Ref. [12]
was considered in the present analysis because of its
high quality and ability to perform numerical analy-
sis. The data was generated from the hot compression
testing of solid cylinders using servohydraulic testing
machines capable of imposing constant true strain rates
on the specimen. The specimens were compressed to
50% of their initial height and the load-stroke curves ob-
tained were converted in to true stress- true strain curves
by subtracting the elastic portion of the strain and using
the standard equations for the true stress – true strain
calculations. The test data was corrected for the adia-
batic temperature rise. One specimen was tested to ob-
tain each result. Table I gives the flow stress values of
Ti-24Al-11Nb (having β transformed microstructure)
at different temperatures and strain rates for various
strains. Interpretation of the experimental data for the
development of processing maps depends upon the ac-
curate evaluation of the workability parameters, such as
the strain rate sensitivity parameter (m), the efficiency
of power dissipation (η) and the normalized flow soft-
ening rate (γ ).

The test values ofσ at any ε and T reported in Tables I
and II are for 10−3 s−1 ≤ ε̇ ≤ 102 s−1, whereas the inte-
gration for G in Equation 16 needs the input from ε̇ = 0.
To overcome this difficulty, the integral in Equation 16
is split as [9]

∫ ε̇

0
σ (ε, ξ, T ) dξ

=
∫ 10−3

0
σ (ε, ξ, T ) dξ +

∫ ε̇

10−3

σ (ε, ξ, T ) dξ

=
[
σ (ε, ε̇, T )ε̇

m + 1

]
ε̇=10−3

+
∫ ε̇

10−3

σ (ε, ξ, T ) dξ . (17)

The first term on the right hand side of Equation 17 is
evaluated by assuming the power law nature of σ − ε̇
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T ABL E I Flow stress values (in MPa) of Ti-24Al-11Nb
(β-transformed) at different temperatures and strain rates for
various strains (corrected for adiabatic temperature rise) [12]

Temperature (◦C)
Strain

Strain, ε rate (s−1) 900 950 1000 1050 1100

0.1 0.001 275.5 203.1 141.0 52.5 18.7
0.01 320.0 339.9 236.8 100.0 36.3
0.1 413.9 328.2 284.6 175.3 56.4
1.0 511.5 429.1 377.8 252.1 124.1

10.0 518.4 496.6 473.0 349.9 184.5
100.0 498.9 468.9 454.4 434.4 295.2

0.2 0.001 246.0 179.4 118.9 42.5 15.9
0.01 308.3 307.5 205.0 82.4 33.7
0.1 436.6 317.5 258.5 142.5 52.2
1.0 556.1 427.2 350.8 220.5 111.1

10.0 624.3 554.4 498.3 331.9 170.6
100.0 620.0 558.9 517.5 456.9 283.1

0.3 0.001 220.4 159.1 105.2 37.1 14.7
0.01 291.8 275.2 186.3 74.3 32.1
0.1 435.8 301.2 234.1 122.1 47.6
1.0 561.8 413.6 324.7 201.1 102.3

10.0 637.5 549.4 481.8 301.7 148.9
100.0 659.8 588.7 529.8 447.7 263.9

0.4 0.001 202.2 143.8 92.8 33.5 14.1
0.01 275.2 249.0 173.3 68.3 30.6
0.1 431.0 285.2 213.0 112.6 45.4
1.0 566.1 400.0 306.7 189.0 95.1

10.0 628.7 530.5 458.2 282.2 144.5
100.0 498.9 468.9 454.4 434.4 295.2

0.5 0.001 186.8 133.6 92.8 31.5 13.8
0.01 264.8 233.7 164.3 64.8 30.0
0.1 419.9 285.2 202.1 116.1 44.9
1.0 577.9 390.4 290.2 180.4 90.9

10.0 602.0 505.8 430.4 265.6 137.2
100.0 628.4 556.1 480.9 390.3 231.1

curve:

σ (ε, ε̇, T ) = K (ε, T )ε̇m (18)

which results

∫ 10−3

0
σ (ε, ξ, T ) dξ =

[
K (ε, T )ε̇m+1

m + 1

]

=
[
σ (ε, ε̇, T )ε̇

m + 1

]
ε̇=10−3

. (19)

The value at ε̇ = 10−3 is obtained by finding the slope
of log (σ ) − log(ε̇) curve close to the point ε̇ = 10−3.
A cubic spline fit for the test data is used, to generate
a greater number of data points for evaluating the sec-
ond integral in Equation 17 by trapezoidal rule. Using
the determined value of the integral from Equation 17,
the efficiency of power dissipation, η is obtained from
Equation 16. While carrying out the numerical com-
putation, the flow stress data is initially transformed
into logarithmic scale, in order to reduce the tenth or-
der magnitude of strain rate to first order to avoid any
excessive round off error. With this transformation, the
first derivative of the spline fit gives the strain rate sensi-
tivity parameter (m) at the generated intermediate data
points. The normalized flow softening rate (γ ) is ob-
tained by transforming initially the flow stress data in
to a natural logarithmic scale and finding it directly
from the first derivative of the spline fit to the data of

ln σ − ε data, at the specified ε̇ and T . The value of the
workability parameter α is obtained from Equation 1
by substituting the values of γ and m.

The generation of workability map based on the
flow localization concepts of Semiatin and Lahoti [6]
(Equation 4) and the instability map based on the sim-
plified metallurgical condition (Equation 15) are ex-
plained below.

From Equations 4 and 15, we define the instability
parameters for unstable flow as

ξ1 = 1 − α

5
< 0 (20)

ξ2 = 2m

η
− 1 < 0. (21)

The curves represented by ξ1 = 0 and ξ2 = 0 bifur-
cate the stable and unstable regions in the workability
maps for the two criteria considered. The regions where
ξ1 < 0 and ξ2 < 0 in the map correspond to unstable flow
(microstructural instabilities) in the material. From the
determined values of α, m and η, the instability para-
meters ξ1 and ξ2 defined in Equations 20 and 21 are cal-
culated for the specified value of ε at different values
of ε̇ and T . MATLAB (Math Works Inc., USA) soft-
ware was utilized for generating the two dimensional
contour maps.

3. Results and discussion
Following the procedure described in the preceding sec-
tion, the workability maps for the hot deformation of
α2 aluminide alloy Ti-24Al-11Nb in the as cast con-
dition (β) are generated by using the flow stress data
of Table I. Figs 2 and 3 show the contour plots for ξ1
and ξ2 for strains of 0.1, 0.3 and 0.5 superimposed on
to each other respectively. In these figures, the regions
where ξ1 > 0 and ξ2 > 0 are identified as stable flows
and those where ξ1 < 0 and ξ2 < 0 are identified as un-
stable flows. The condition m < 0 is also included for
delineating the regimes of instability in Figs 2 and 3. It
can be observed from Fig. 2 that the flow is stable in the

Figure 2 Contour map based on flow localization concept (Equation 20)
at different strains superimposed for Ti-24Al-11Nb (β); —— 0.1 - - - - -
0.3; and . . . . . . . . . 0.5 with the microstructural observations: • stable; X
unstable [5] and ❦stable; ⊗ unstable [4].
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Figure 3 Contour map of simple instability condition (Equation 21) at
different strains superimposed for Ti-24Al-11Nb (β); —— 0.1 - - - - -
0.3; and . . . . . . . . . 0.5 with the microstructural observations: • stable; X
unstable [5] and ❦stable ; ⊗ unstable [4].

Figure 4 Contour map for strain rate sensitivity parameter (m) for
Ti-24Al-11Nb (β) at a strain of 0.5.

temperature range 1010–1100◦C and in the strain rate
range 0.001–0.1 s−1. It can be noted from Fig. 3 that
the condition for unstable flow given by Equation 20 is
highly conservative in predicting the regions of unsta-
ble flow. Figs 4 and 5 show the contour plots for the
strain rate sensitivity parameter (m) and the efficiency
of power dissipation (η) at ε = 0.5. For the case of power
law stress distribution, the unstable region in the maps
will be at those locations where m < 0. The maximum
value of m in Fig. 4 is found to be 0.382, which occurs
at a strain rate of 0.036 s−1 (log(ε̇) = −1.44) and at a
temperature of 1050◦C . The maximum value of η in
Fig. 5 is found to be 0.524, which occurs at 1050◦C and
at a strain rate of 0.068 s−1 (log(ε̇) = −1.17).

It is known from the test results on several mate-
rials that the maximization of η or m will reduce the
tendency for flow localization. At any constant ε and
T , the maximum value of η with respect to ε̇ becomes
2m/(m + 1) only when ∂m/∂(ln ε̇) < 0. This condition
is also verified in the present numerical computation.
The microstructural observations of the material pre-
sented by Semiatin et al. [4] and Sagar et al. [5] are
marked in Figs 2 and 3. The microstructural observa-

Figure 5 Contour map for efficiency of power dissipation (η) for
Ti-24Al-11Nb (β) at a strain of 0.5.

tions of the flow instabilities of Ref. [5] are found to be
in the marked unsafe regions in Fig. 3 which confirms
the validity of the present instability criterion. It should
be noted that the condition for unstable flow suggested
by Semiatin and Lahoti [5] in Equation 4 has been pro-
posed for titanium and its alloys. In the present case,
it is highly conservative in predicting the flow local-
ization. Due to the empirical nature of their criterion,
its applicability for other materials will be known only
after examining the microstructural instabilities during
hot deformation. However, there is no such restriction
in the case of simplified stability condition (15). This is
because, the condition (15) is based on the continuum
principles as applied to large plastic flow as proposed
by Ziegler [10]. From the contour maps of m and η in
Figs 4 and 5, it is preferable to conduct the hot working
in the temperature range of 1010–1100 ◦C and in the
strain rate range of 0.001–1.0 s−1, at which both m and
η are maximum.

4. Concluding remarks
Unstable flow during hot deformation of α2 titanium
aluminide alloy Ti-24Al-11Nb was analysed using α pa-
rameter as suggested by Semiatin and Lahoti [5] and the
simplified metallurgical stability criterion suggested by
Murty and Rao [9]. The value of α fixed by Semiatin
and Lahoti is based on the microstructural observations
on titanium and its alloys. The metallurgical stability
condition derived by Murty and Rao [9] based on the
continuum principles as applied to large plastic flow,
which is not empirical and has no such restrictions has
successfully predicted the regions of flow instabilities
in the processing maps.
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